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SUMMARY 
The i n f l u e n c e  o f  t h e  o u t e r  stream on t h e  i n s t a b i l i t y  o f  a two-stream, 
cop lana r  j e t  w i t h  o n l y  t h e  p r i m a r y  ( c e n t r a l )  stream heated f o r  a nominal  
o u t e r - t o - p r i m a r y  v e l o c i t y  r a t i o  o f  0.3 was i n v e s t i g a t e d  by means o f  i n v i s c i d  
% l i n e a r i z e d  s t a b i l i t y  t heo ry .  The I n s t a b i l i t y  p r o p e r t i e s  o f  s p a t i a l l y  growing 
I axisymrnetr ic and f i r s t  o rde r  azimuthal  d i s tu rbances  were s tud ied .  I t  was found 
t h a t  t h e  i n s t a b i l i t y  c h a r a c t e r i s t i c s  o f  t h e  two stream j e t  a r e  ve ry  d i f f e r e n t  
f r o m  those o f  a s i n g l e  stream j e t .  The presence o f  t h e  o u t e r  stream enhanced 
t h e  i n s t a b i l i t y  o f  t h e  j e t  and increased t h e  u n s t a b l e  f requency range f o r  t h e  
f i r s t  o rde r  az imu tha l  mode. 
m 
INTRODUCTION 
Improvements i n  f u t u r e  a i r c r a f t  o p e r a t i o n  w i l l  be i n  p a r t  due t o  c o n t r o l  
and m o d i f i c a t i o n  o f  a i r  f l o w  over and about t h e  v e h i c l e .  For example, t h e  j e t  
v e l o c i t y  and temperature imp ing ing  on t h e  f l a p  su r faces  o f  a s h o r t  t a k e o f f  and 
l a n d i n g  a i r c r a f t  employing an under- the-wing blown f l a p  f o r  l i f t  augmentat ion 
d u r i n g  t a k e o f f  and l a n d i n g  must be c o n t r o l l e d  i n  o rde r  t o  m a i n t a i n  f l a p  loads 
and s u r f a c e  temperatures w i t h i n  acceptable l i m i t s  f o r  reasons o f  s t r u c t u r a l  
i n t e g r i t y  and h i g h - l i f t  performance. Temperature and v e l o c i t y  c o n t r o l  i s  
u s u a l l y  achieved through j e t  mix ing w i t h  t h e  su r round ing  medium. 
m i x i n g  i s  ach ieved u s i n g  complex nozzle geometr ies w i t h  consequent we igh t  pen- 
a l t i e s .  Enhanced m i x i n g  u s i n g  acous t i c  o r  aero/mechanical  e x c i t a t i o n  dev ices 
may reduce t h i s  we igh t  p e n a l t y .  Other s i t u a t i o n s  where a c o u s t i c  and aero/  
mechanical  e x c i t a t i o n  may be b e n e f l c i a l  a r e  d iscussed i n  r e f e r e n c e  1.  
Normal ly  
The e f f e c t  o f  e x c i t a t i o n  on c e n t e r l i n e  v e l o c i t y  and s t a t i c  temperature 
decay f o r  a s i n g l e  plume j e t  i s  d iscussed i n  r e f e r e n c e  2. As p a r t  o f  a 
program t o  o b t a i n  s i m i l a r  i n f o r m a t i o n  f o r  m i x i n g  j e t s ,  t h e  unexc i ted  v e l o c i t y  
and temperature c h a r a c t e r i s t i c s  o f  two-stream cop lanar  j e t  exhaust plumes was 
i n v e s t i g a t e d  i n  r e f e r e n c e  3. I n  a d d i t i o n  t o  i n f o r m a t i o n  on a x i a l  v e l o c i t y  and 
temperature decay, r e f e r e n c e  3 a l s o  p resen ts  t y p i c a l  r a d i a l  v e l o c i t y  and tem- 
p e r a t u r e  p r o f i l e s .  I n  t h e  p resen t  paper, these r a d i a l  and temperature v e l o c i t y  
p r o f i l e s  a r e  used as i n p u t  t o  a program t o  a n a l y t i c a l l y  determine t h e  phase 
speed and s p a t i a l  growth r a t e  o f  pressure i n s t a b i l i t y  waves w i t h i n  t h e  two- 
s t ream coplanar  j e t  exhaust plumes. 
An e x c e l l e n t  rev iew  o f  recen t  research  on t h e  i n s t a b i l i t y  o f  s p a t i a l l y  
growing d i s tu rbances  i n  t h e  f r e e  boundary l a y e r  o f  a j e t  hav ing a s i n g l e  
i n f l e c t i o n  p o i n t  i s  presented by Mlchalke ( r e f .  4 ) .  
j e t  s t u d i e d  h e r e i n  has two i n f l e c t l o n  p o i n t s .  As f a r  as t h e  au tho r  can d e t e r -  
mine l i t t l e  work has been done t o  study f r e e  shear l a y e r s  w i t h  two i n f l e c t i o n  
p o i n t s .  
The two-stream cop lanar  
A literature search found only an abstract of a meeting presentation (ref. 5). 
However, the instability of a circular jet with external flow was analyzed by 
means of linearized stability theory by Michalke and Herman (ref. 6) and their 
results show some slmilaritles to the results presented herein. 
For the Mach number range of the present study (around M = 0 . 9 ) ,  the flow 
is compressible. The instability of spatially growing disturbances propagating 
insentropically in a circular jet for flow in this Mach number range was studied 
by Mlchalke (ref. 7) and Morris (ref. 8). 
In this study, viscous effects and effects due to the slowly diverging jet 
flow (refs. 9 to 1 1 )  are neglected. Furthermore, the analysis follows that o f  
Michalke (ref. 7) where it was assumed that disturbances propagate isentropic- 
a1 ly. 
Measurements of  modal structure show that the large scale structure of 
turbulence in a circular jet where the velocity profile has only a single 
inflection point i s  dominated by the axisymmetric and first order azimuthal 
components (ref. 12). Consequently, at a minimum the axisymetric and first 
order azimuthal components of the disturbance in circular jets are studied In 
all theoretical investigations. Although in this study the jet velocity pro- 
file has two inflection points, the stability calculations are still restricted 
to these two components. 
NOM€NCLATURE 
speed of sound, m/s 
see eq. ( 1 )  
amplitude coefficient, see eq. (15) 
wave velocity, O/a, m/s 
phase velocity, D/ar, m/s 
eigenfunction 
radial profile term 






























mean nozzle exit centerline velocity 
mean velocity on centerline at a given 
veloclty components 
axial position 
complex eigenvalue wavenumber 
radian frequency 
velocity difference, Uclx - U, 
see eq. (1) 
shear layer momentum thickness 
see eq. (9) 
density 
cylindrical angular coordinate 
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THEORY 
Jet V e l o c i t y  and Temperature C h a r a c t e r i s t i c s  
I n  o rde r  t o  determine t h e  s t a b i l i t y  o f  t h e  d i s tu rbances ,  t h e  r a d i a l  d i s -  
t r i b u t i o n  o f  mean v e l o c i t y  and temperature i n  t h e  two-stream ax isymmetr ic  j e t  
must be s p e c i f i e d .  The c o n d i t i o n  s e l e c t e d  f o r  s tudy i s  one o f  t h e  cases p r e -  
sented i n  r e f e r e n c e  3. For t h i s  case, t h e  nominal  p r i m a r y  j e t  Mach number i s  
0.9, t h e  nominal ou te r - to -p r imary  v e l o c i t y  r a t i o  i s  0.3, and o n l y  t h e  p r imary  
s t ream i s  heated. The nozz le  used f o r  t h i s  case had a secondary t o  p r imary  
f l o w  area r a t i o  o f .1 .9  s i n c e  t h e  p r imary  n o z z l e  d iameter  i s  10 cm, t h e  second- 
a r y  n o z z l e  d iameter  i s  17.6 cm, and t h e  p r lmary  nozz'le thjckness i s  0.46 cm. 
The n o z z l e  dimensions, j e t  v e l o c i t i e s ,  and temperatures a r e  shown i n  t a b l e  I .  
Mathematical  expressions f o r  t h e  v e l o c i t y  and temperature p r o f i l e s  were 
c o n s t r u c t e d  u s i n g  a bas i c  p r o f i l e  f u n c t i o n .  The bas i c  f u n c t i o n  used i s  
F(r ,B,d)  = i{ l  t t anh  [B(1 - b)]} 
where t h e  cons tan ts  B and d a r e  determined f r o m  exper imen ta l  d a t a .  
S ince t h e  f l o w  c o n f i g u r a t i o n  s t u d i e d  c o n s i s t  o f  two f l o w  streams, i t  i s  
n o t  s u r p r i s i n g  t h a t  a reasonable curve f i t  t o  t h e  exper imen ta l  v e l o c i t y  p r o f i l e  
c o u l d  be achieved by add ing  t o g e t h e r  two separate f u n c t i o n s  s p e c i f i e d  by equa-- 
t i o n  ( 1 )  w i t h  a p p r o p r i a t e  cons tan ts  and a p p r o p r i a t e  w e i g h t i n g  c o e f f i c i e n t s .  
The r e s u l t i n g  equat ion f o r  the curve  f i t  t o  t h e  v e l o c i t y  p r o f i l e  i s  
The v e l o c i t y  p r o f i l e  f o r  t h e  p r i m a r y  apd secondary j e t s  have a " t o p  h a t  
D r o f i l e "  near t h e  nozzle.  Conseauentlv. near  t h e  n o z z l e  t h e  va lues o f  B a r e  
= 10 and B = 10) and on t h e  c e n t e r l i n e  G ( 0 )  i s  u n i t y .  However, 
U "s 
a t  ? a r g e  x/Dp t h e  p r o f i l e s  a r e  broad and t h e  va lues o f  B a r e  nearer  u n i t y .  
When t h e  va lues o f  B a r e  near u n i t y ,  then t h e  v a l u e  o f  G(0) i s  n o t  u n i t y .  
S ince t h e  exper imental  d a t a  o f  r e f e r e n c e  3 was no rma l i zed  by t h e  j e t  c e n t e r l i n e  
v e l o c i t y ,  on t h e  j e t  c e n t e r l i n e  t h e  
c u r v e  f i t  e q u a t i o n  (eq. ( 2 ) )  must a l s o  have a v a l u e  o f  u n i t y .  
t h e  b a s i c  shape 1 s  normal ized by d i v i d i n g  by 
p r o f i l e  used i s  
v e l o c i t y  p r o f i l e  c a l c u l a t e d  u s i n g  t h e  
Consequently, 
G u ( 0 ) .  Thus t h e  a c t u a l  v e l o c j t y  
4 
where Uclx is the mean velocity on the centerline at a given x/Dp position. 
The constants used were determined by curve fitting data given in reference 3 and 
they are shown in table I. The resulting curve fits to the velocity data are 
compared with the actual data i n  figure 1.  
The equation used to curve fit the experimental temperature profile for 
the case with a cold secondary is 
Note, the temperature profile has only a single inflection point since the 
outer stream temperature is near the temperature of the surrounding air. 
Again, the temperature profiles are normalized by the centerline temperature. 
Consequently, the temperature profile used for this case is normalized by G T ( O )  
The constants used were determined by curve fitting data given in reference 3 
and they are shown i n  table I. The resulting curve fits to the temperature 
data are compared with the measured data in figure 2. 
The shear layer momentum thickness, e,, is used as the characteristic of 
the free jet shear layer. For compressible flow, it is defined as follows: 
e =imp P(r) U(r) 6 -p)r 
clx clx clx C 
Note, however, that the incompressible shear layer momentum thickness defined as 
d r  (7) 
is more frequently used to characterize the thickness of the velocity shear 
layer for jet shear layer instability studies even for compressible flow 
(ref. 4). Consequently, it is used again in this paper. For each axial posi- 
tion both shear layer momentum thickness characterizations are shown in 
table I. 
LINEARIZED DISTURBANCE EQUATIONS 
The fisturbance equations are derived by introducing small disturbances 
pl  into the equations of momentum and mass conservation u', V I ,  w , p ' ,  and 
and keeping only the ltnear terms. The equations are linearized abeut the  
basic jet flow which is assumed to be locally parallel with U(r) being the 
axial mean velocity component of the undisturbed flow. The Reynolds number of 
the flow Is assumed to be large so that the unsteady flow is inviscid. The 
flow is also assumed to be isentropic. 
5 
The disturbance is assumed to-be a spatially growing wave of the type 
[uI,vI,wI,p~, p ' I =  [u(r),~(r),w(r),p(r),p(r)I~Cex~ i(ax - mcp - fit)] 
( 8 )  
where the radian frequency, 0, and the integer azimuthal wave number, m, are 
real, while the eigenvalue wavenumber, a, is complex. The real value of a, a r c  
i s  the axial wave number. The imaginary value of a determines the spatial 
growth rate, -ai. If -ai is greater than zero, the wave defined by equation 
(8) grows as it propagates. The propagation phase velocity, cph, is given by 
O/ar. 
Using equation ( E ) ,  the disturbance equations can be reduced to a single 
differential equation for the radial pressure perturbation function, p(r): 




[u(r; - 4 2 
2 X (r) = 1 - 
and a is the acoustic speed of sound. Equations of this form for the fluctu- 
ating pressure are well known and given in references 7 and 8. 
Near the jet axis (r + 0) and also in the ambient fluid far from the jet 
(r + ,) the velocity profile, U(r), is flat and dU(r)/dr is zero. In these 
regions, equation (9) reduces to a form of the Bessel equation. Consequently, 
the asymptotic solutions to equation 9 are given by the modified Bessel func- 
tions Im and K, of order m. The boundary conditions for the pressure 
require that p(0) has to be bounded and p(03) has to be zero. Hence, near the 
jet axis ( r  + 0) 
~ ( r )  I m  [aX(r)rI 
and in the ambient fluid (r + -) 
~ ( r )  Km [aX(r)rl 
The numer!cal Drocedure used to solve the eigenvalue problem i shooting 
method similar to that described in referece 7. 
the incompressible momentum boundary layer thickness, e ,  and the velocity 
difference, AU, between the jet centerline velocity, Uclx, at a particular 
x/D, and the ambient jet velocity, U,. For the case studied, A U  is identi- 
cal with the jet centerline velocity, U,lx 
The resulting differential equation is 
Equation (9) is scaled using 




and t h e  d imensionless r a d i a l  l eng th ,  y ,  and d imensionless v e l o c i t y ,  U, a r e  
and 
- u u  u = - = -  
Au u c l x  
Th is  equa t ion  depends on two normal ized parameters,  t h e  d imensionless wave 
number ae and t h e  d imensionless frequency o r  S t r o u h a l  number, Oe/AU. 
The complex d i f f e r e n t i a l  equat ion w r i t t e n  as a f i r s t  o rde r  v e c t o r  system 
I s  i n t e g r a t e d  n u m e r i c a l l y  by a Runge-Kutta procedure.  The i n f i n i t e  
i n t e g r a t i o n  r e g i o n  i s  d i v i d e d  i n t o  two f i n i t e  reg ions ,  
ro  < r < rh and an o u t e r  r e g i o n  rh < r < raD. The va lues o f  ro and ra, 
a r e  chosen t o  i n s u r e  t h a t  
can be s t a r t e d  a t  these p o i n t s .  
an i n n e r  r e g i o n  
N N U  N Y N N N  
d t /d?  i s  smal l  and t h e  i n t e g r a t i o n  o f  equa t ion  (12 )  
I n  t h e  i n n e r  r e g i o n  
Po(?) = fo(r) 
where fo(y) rep resen ts  t h e  numerical  Runge-Kutta s o l u t i o n  i n  t h e  i n n e r  
r e g i o n .  Cons ide r ing  equa t ion  ( l o ) ,  t h e  p roper  I n i t i a l  c o n d i t i o n  f o r  
Runge-Kutta i n t e g r a t i o n  s t a r t i n g  near t h e  o r i g i n  i s  
I n  t h e  o u t e r  reg ion ,  t h e  numerical  Runge-Kutta s o l u t i o n  I s  g i v e n  by 
Pe(r) = C e f e ( ? )  
I n  c o n t r a s t  t o  t h e  i n n e r  reg ion ,  t he  Runge-Kutta s o l u t i o n  i s  ob ta ined  by i n t e -  
g r a t i n g  f rom ra, toward t h e  or!g!ni Far f r o m  t h e  j e t ,  f r o m  equa t lon  ( 1 1 ) ,  t h e  




The e igenva lue  i s  determined by an i t e r a i i v e  procedure.  The e igenva lue  
h '  Hence, i s  t h e  va lue o f  a which makes p and dp/dr  con t inuous  a t  r = r 
t h e  e igenvalue equat ion f o r  a0 i s  
F i g u r e  3 shows t h e  d imensionless s p a t i a l  growth r a t e ,  -a je ,  as a func- 
t i o n  o f  t h e  S t rouha l  number, 00/AU, a t  
m e t r i c  ( m  = 0) d i s tu rbance  and a t  x/D = 1, 2, 4 ,  8, and 12.75 f o r  t h e  f i r s t  
az imu tha l  (m = 1 )  
4, t h e  f i r s t  azimuthal  d i s tu rbances  have a g r e a t e r  growth r a t e  than  t h a t  o f  t h e  
ax isymmetr ic  mode. 
ax isymmetr ic  j e t .  
x/Dp = 1, 2, and 4 f o r  t h e  axlsym- 
d i s tu rbances .  A t  a Y 1 f requenc ies  and f o r  x/Dp = 1, 2, and 
The range of u n s t a b l e  f requenc ies  f o r  t h e  f i r s t  az imuthal  
I d i s t u r b a n c e  i s  a l s o  g r e a t e r  t han  t h e  range o f  u n s t a b l e  f requenc ies  f o r  t h e  
where f o  and Cefe a r e  t h e  s o l u t i o n s  I n  t h e  i n n e r  and o g t e r  r e g i o n s .  
The cons tan t  Ce i s  determined by t h e  c o n d i t i o n  t h a t  a t  rh t h e  i n n e r  and 
o u t e r  p ressu re  e i g e n f u n c t i o n  s o l u t i o n s  have t h e  same va lue .  
The e igenva lue  i s  determined i n  a two s t e p  procedure.  The f i r s t  s t e p  uses 
a techn ique  employed i n  r e f e r e n c e  13. The techn ique  i s  based on a theorem I n  
complex v a r i a b l e  theory which s t a t e s  t h a t  t h e  number o f  zeros w i t h i n  a c losed  
con tou r  equals t h e  net  m u l t i p l e s  o f  2n by which t h e  phase ang le  o f  H(a0) 
changes around t h e  contour ( r e f .  14) .  I n i t i a l l y  a r e c t a n g u l a r  con tou r  was 
used. This  procedure found reg ions  where t h e r e  were no e igenvalues o r  reg ions  
which con ta ined  eigenvalues. 
t h e  va lue  o f  t h e  magnitude o f  H(a0) determined as one f o l l o w e d  a c losed  
con tou r  produced use fu l  i n f o r m a t i o n  on t h e  l o c a t i o n  o f  p o s s i b l e  e ignevalues 
even i f  none were l oca ted  i n s i d e  t h e  c losed  con tou r .  The method produces a 
good i n i t i a l  guess which i s  t hen  used by a l e a s t  squares f u n c t i o n  m i n i m i z a t i o n  
i t e r a t i v e  procedure t h a t  f i n d s  t h e  e igenvalue by m i n i m i z i n g  H(a0) .  Us ing a 
c i r c u l a r  contour  centered near a suspected e igenva lue  and i n c r e m e n t a l l y  reduc- 
i n g  t h e  r a d i u s  o f  t h e  contour ,  p rov ides  a means o f  i n s u r i n g  a t r u e  e igenva lue  
i s  found r a t h e r  than a l o c a l  minimum o f  H(a0). 
I n  a d d i t i o n ,  an examinat ion o f  t h e  v a r i a t i o n  o f  
RESULTS 
N 
Using t h e  cu rve  f i t  v e l o c i t y  f u n c t i o n s ,  U = U / U c l x ,  t h e  e igenvalues,  
These r e s u l t s  a r e  presented i n  t a b l e  11. 
growth r a t e s ,  and phase v e l o c i t i e s  were c a l c u l a t e d  f o r  t h e  ax isymmetr ic  mode at! 
x /Dp = 1, 4, and 8 and f o r  t h e  f i r s t  o rde r  az imu tha l  mode a t  x/D 
8, and 12.75. The spa!ial growth and 
phase v e l o c i t i e s  a re  shown i n  f i g u r e s  3 t o  6. 
= 1, 4 ,  
I n  f i g u r e  4, t h e  r e l a t i v e  a x i a l  phase v e l o c i t y ,  c h/AU i s  p l o t t e d  as a 
f u n c t i o n  o f  t h e  Strouhal  number f o r  m = 0 a t  x/Dp = 7 , 2, and 4, and f o r  
m = 1 a t  
t h e  phase v e l o c i t y  o f  t h e  ax isymmetr ic  d i s t u r b a n c e  (m = 0) always decreases 
w i t h  i n c r e a s i n g  frequency from t h e  j e t  v e l o c i t y  
zero.  Also,  t h e  phase v e l o c i t y  o f  t h e  f i r s t  az imu tha l  d i s t u r b a n c e  ( m  = 1 )  I s  
always l e s s  than  the phase v e l o c i t y  o f  t h e  ax isymmetr ic  d i s t u r b a n c e  ( m  = 0 ) .  
x/Dp = 1 ,  2, 4 ,  8, and 12.75. For t h e  two-stream ax isymmetr ic  j e t ,  
U c l x  a t  a f requency of  
8 
Thus t h e  frequency dependence o f  the phase v e l o c i t i e s  o f  t h e  ax isymmetr ic  and 
f i r s t  az imu tha l  d i s tu rbances  a re  s i m i l a r  t o  those shown f o r  a s i n g l e  j e t  i n  
r e f e r e n c e  6. 
The r e s u l t s  shown i n  f i g u r e  3 are r e p l o t t e d  i n  f i g u r e  5 t o  show t h e  
s p a t i a l  growth r a t e s  a t  v a r i o u s  x/Dp va lues f o r  m = 0 and m = 1.  C l e a r l y ,  
t h e  use o f  v e l o c i t y  p r o f i l e s  t h a t  depend on f i v e  parameters y i e l d s  se ts  o f  
growth r a t e  curves w i t h  compl icated behav io r .  These r e s u l t s  a r e  a f u n c t i o n  o f  
t h e  cu rve  f i t  and t h e  measured v e l o c i t y  and temperature data.  An improved 
cu rve  f i t ,  a cu rve  f i t  based on d i f f e r e n t  f u n c t i o n a l  form, o r  a cu rve  f i t  based 
on more e x t e n s i v e  da ta  w i l l  g i v e  d i f f e r e n t  r e s u l t s .  A s e n s i t i v i t y  a n a l y s i s  was 
n o t  performed. 
F i g u r e  5 (a )  shows t h a t  f o r  t h e  ax isymmetr ic  mode ( m  = 0) t h e  growth r a t e  
a t  S t r o u h a l  numbers l e s s  than  0.05 i s  l a r g e s t  a t  
numbers f rom 0.05 t o  0.175 t h e  growth r a t e  i s  l a r g e s t  a t  
f requenc ies  g r e a t e r  t han  0.715 t h e  growth r a t e  i s  l a r g e s t  a t  x/D = 4 .  
However, t h e  magnitude o f  t h e  growth r a t e  i s  l a r g e r  a t  x/Dp = 2 tRan a t  
x/Dp =' 1 o r  
x/Dp = 1, w h i l e  f o r  S t rouha l  
x/Dp = 2, and f o r  
x/Dp = 4 .  
F i g u r e  5 ( b )  shows t h a t  f o r  t h e  f i r s t  az imu tha l  mode (m = 1 )  t h e  growth 
r a t e  i s  l a r g e s t  a t  x/D = 1. For each a x i a l  p o s i t i o n  except  x/Dp = 8 t h e  
S t r o u h a l  number a t  whicE t h e  growth r a t e  cu rve  peaks decreases as x/Dp 
i nc reases .  The growth r a t e  a t  x/Dp = 8 i s  g r e a t e r  t han  t h e  growth r a t e  a t  
The r e l a t i v e  phase v e l o c i t y  a t  var ious x/Dp va lues f o r  m = 0 and m = 1 a r e  
6ompared i n  f i g u r e  6. The compl icated v e l o c i t y  p r o f i l e s  t h a t  depend on f i v e  
parameters a l s o  y i e l d  se ts  o f  phase v e l o c i t y  curves w i t h  compl icated behav io r .  
F i g u r e  6 ( a )  shows t h a t  f o r  t h e  axisyrnmetric mode ( m  = 0 )  t h e  r e l a t i v e  phase 
v e l o c l t y  decreases f rom 1 t o  about 0.7 f o r  
r a t e  o f  change i s  ve ry  l a r g e  a t  x/Dp = 1 and more g radua l  a t  
phase v e l o c i t y  a t  low S t r o u h a l  numbers i s  l a r g e s t  f o r  
p r o g r e s s i v e l y  sma l le r  as x/Dp Increases.  However, a t  h i g h e r  S t rouha l  num- 
be rs  t h e  phase v e l o c i t y  a t  
a t  
v e l o c i t y  a t  x/Dp = 1.  
x/Dp = 4 .  
x/Dp = 1,  2, and 4 .  However, t h e  
x/Dp = 2 and 4 .  
F i g u r e  6 ( b )  shows t h a t  f o r  t h e  f i r s t  az imu tha l  mode ( m  = 1 )  t h e  r e l a t i v e  
x/Dp = 1 and becomes 
x/Dp = 12.75 i s  g r e a t e r  t han  t h e  phase v e l o c i t y  
x/Dp = 2 i s  g r e a t e r  t han  t h e  phase x/Dp = 8 and t h e  phase v e l o c i t y  a t  
DISCUSSION 
These r e s u l t s  i n d i c a t e  aero/mechanical e x c i t a t i o n  o f  a two-stream cop lanar  
j e t  o p e r a t i n g  a t  a secondary t o  pr imary v e l o c i t y  r a t i o  o f  0.3 u s i n g  dev ices 
t h a t  p e r t u r b  o n l y  t h e  ax isymmetr ic  mode would n o t  be as e f f e c t i v e  as u s i n g  
dev ices t h a t  p e r t u r b  t h e  f i r s t  o rde r  az imu tha l  mode. Furthermore, these c a l c u -  
l a t i o n s  a r e  i n d i c a t i v e  o f  those t h a t  may be necessary i n  o r d e r  t o  p r o p e r l y  
prepare an exper imenta l  t e s t  program t o  develop aero/mechanical  e x c i t a t i o n  
dev ices.  
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I n  a d d i t i o n ,  the two-stream, cop lana r  j e t  r e s u l t s  d i f f e r  i n  many respec ts  
f r o m  those  presented by M icha lke  and Herman ( r e f .  6 ) .  I n  t h a t  s tudy o f  t h e  
i n f l u e n c e  o f  e x t e r n a l  f l o w  v e l o c i t y  on j e t  s t a b i l i t y  o f  a s i n g l e  j e t ,  t h e  
f o l l o w i n g  v e l o c i t y  p r o f i l e  was used 
where U, i s  an e x t e r n a l  f l o w  v e l o c i t y ,  and AU = U c l x  - U,. 
The most s t r i k i n g  d i f f e r e n c e  observed i n  comparing t h e  two-stream, copla-  
nar  j e t  r e s u l t s  w i t h  those ob ta ined  f o r  t h e  s t a t i c  case o f  r e f e r e n c e  6 (U, = 0)  
i s  t h a t  f o r  t h e  coplanar j e t  t h e  f i r s t  az imu tha l  mode i s  more u n s t a b l e  than  
t h e  ax isymmetr ic  mode a t  a l l  
turbance t h e  n e u t r a l  s t a b i l i t y  p o i n t  i s  a t  a much h i g h e r  f requency and t h e  
magnitude o f  t h e  growth r a t e  i s  g r e a t e r  f o r  t h e  cop lana r  j e t .  
I n  o rde r  t o  determine t h e  a f f e c t s  o f  t h e  secondary f l o w  f o r  t h e  f i r s t  
az imu tha l  mode (m = 1 )  case, a t e s t  c a l c u l a t i o n  was made u s i n g  t h e  v e l o c i t y  
p r o f i l e  o f  t h e  pr imary j e t  w i t h o u t  any secondary f l o w .  
i n  t a b l e  111 and a re  shown i n  f i g u r e s  7 and 8. F i g u r e  7 compares t h e  s p a t i a l  
growth r a t e  o f  t h e  pr jmary j e t  w i t h  t h e  s p a t i a l  g rowth  r a t e  o f  t h e  two-stream 
j e t .  
made u s i n g  t h e  secondary j e t  peaks a t  a h i g h e r  f requency and has a much h i g h e r  
n e u t r a l  s t a b i l i t y  frequency. T h i s  increased r e g i o n  o f  u n s t a b l e  f requenc ies  
and t h e  s h i f t  o f  t he  peak o f  t h e  s p a t i a l  growth r a t e  t o  h i g h e r  f requenc ies  i s  
s i m i l a r  t o  t h a t  observed i n  r e f e r e n c e  6 f o r  those cases where t h e  e x t e r n a l  
f l o w  v e l o c i t y  was not  zero.  F i g u r e  8 compares t h e  phase v e l o c i t i e s  f o r  t h e  
same cases. 
x/D. I n  a d d i t i o n ,  f o r  t h e  f i r s t  az imu tha l  d i s -  
These r e s u l t s  a r e  g i v e n  
Note t h e  magnltude o f  t h e  growth r a t e  i s  unchanged w h i l e  t h e  c a l c u l a t i o n s  
CONCLUDING REMARKS 
I t  has been shown t h a t  t h e  i n s t a b i l i t y  c h a r a c t e r i s t i c s  o f  t h e  two-stream 
I 
axlsymmetr ic  j e t  a re  cons ide rab ly  d i f f e r e n t  f r o m  those o f  a s i n g l e  stream j e t .  
The presence o f  t h e  secondary stream enhanced t h e  i n s t a b i l i t y  o f  t h e  f i r s t  
o rde r  az imu tha l  mode and extended t h e  frequency range a t  which i t  occurred.  
For a two-stream, coplanar j e t  o p e r a t i n g  a t  a secondary t o  p r imary  v e l o c i t y  
r a t i o  o f  0.30 aero/mechanical e x c i t a t i o n  should be designed t o  e x c i t e  t h e  f i r s t  
o r d e r  az imu tha l  mode and n o t  j u s t  t h e  ax isymmetr ic  mode t o  i n c r e a s e  m i x i n g .  
REFERENCES 
1. Stone, J.R. and McKlnzie, D.J., J r .  "Acous t i c  E x c i t a t i o n - - - A  Promis ing New 
Means o f  C o n t r o l l i n g  Shear Layers,ll NASA-TM 83772, 1984. 
2. von Glahn, U.H., "On Some Flow C h a r a c t e r i s t i c s  o f  Convent ional  and E x c i t e d  
Je ts , "  A I A A  Paper 84-0532, Jan. 1984. 
3. von Glahn, U., Goodykoontz, J., and Wasserbauer, C . ,  " V e l o c i t y  and Tempera- 
t u r e  C h a r a c t e r i s t i c s  o f  Two-Stream, Coplanar J e t  Exhaust Plumes," A I A A  
Paper 84-2205, Aug. 1984. 
4. Michalke,  A.,  "Survey on J e t  I n s t a b i l i t y  Theory," Progress i n  Aerospace 
Sciences, Vo l .  21, No. 3, 1984, pp.159-199. 
10 
5. Crighton, 0.  G,, "Instability and Acoustic Properties of Coaxial Jets," 
Bulletin of the American Physical Society, Vol. 29, No. 4, 1984, AE1. 
6. Michalke, A .  and Hermann, G., "On the Inviscid Instability of a Circular 
Jet with External Flow," Journal of Fluid Mechanics, Vol. 114, Jan. 1982, 
pp. 343-359. 
7. Michalke, A., 'Instibilitat eines kompressiblen runden Frestrahls unter 
Berucksichtigung des Einflusses der S t r a h l g r e n z s c h i c h t d i c k e , "  Zeitschrift 
f u r  Flugwissenchaften, Vol. 19, No. 8/9, Aug./Sept. 1971, pp. 319-328. 
8. Morris, P.J., "Flow Characteristics o f  the Large Scale Wave-Like Structure 
of.,a Supersonic Round Jet," Journal of Sound and Vibration, Vol. 53, No. 2, 
July 22, 1977 pp. 223-244. 
9. Morris, P.J., "The Spatial Instability of Axisymmetric Jets," Journal of 
Fluid Mechanics, Vol. 77, Part 3, Oct. 8, 1976, pp. 511-529. 
10. Crighton, D . G .  and Gaster, M . ,  "Stability o f  Slowly Diverging Jet Flow.," 
Journal of Fluid Mechanics, Vol. 77, Part 2, Sept. 24, 1976, pp. 397-413. 
1 1 .  Plaschko, P., "Helical Instabilities o f  Slowly Diverging Jets," Journal of 
Fluid Mechanics, Vol. 92, Part 2, May 28, 1979, pp. 209-215. 
12. Stromberg, J.L., McLaughlin, D . K . ,  and Troutt, T.R. "Flow Field and Acous- 
tic Properties of a Mach Number 0.9 Jet at Low Reynolds Number," Journal 
of Sound and Vibration, Vol. 72, No. 2. Sept. 22, 1980, pp. 159-176. 
13. Lessen, M . ,  Sadler, S.G., and Liu, T.-Y., "Stability of Pipe Poiseuille 
Flow," Physics of Fluids, Vol. 1 1 ,  No. 7, J u l y  1968, pp 1404-1409. 
14. Kaplan, W . ,  "Operational Methods for Linear Systems," Addison--Wesley, 
Reading, MA, 1962, pp. 157-158. 
1 1  
TABLE I .  - JET TEST CONDITIONS AND PROFILE PARAMETERS 







E x i t  Mach number . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.94 
P r imary  j e t  n o z z l e  d i a m e t e r ,  cm . . . . . . . . . . . . . . . . . . . .  1 0  
Secondary o r  o u t e r  j e t  n o z z l e  d iamete r .  cm . . . . . . . . . . . . . . .  17.6 
P r imary  j e t  n o z z l e  w a l l  t h l c k n e s s ,  cm . . . . . . . . . . . . . . . . .  .46  
Secondary t o  p r i m a r y  n o z z l e  a r e a  r a t i o  . . . . . . . . . . . . . . . . .  1.9 
P r imary  j e t  e x i t  v e l o c i t y ,  m/s . . . . . . . . . . . . . . . . . . . . .  598 
Secondary j e t  e x i t  v e l o c i t y ,  m/s . . . . . . . . . . . . . . . . . . . .  174 
Pr imary  j e t  e x i t  t empera tu re ,  K . . . . . . . . . . . . . . . . . . . .  984 
Secondary j e t  e x i t  t empera tu re ,  K . . . . . . . . . . . . . . . . . . .  285 



































TABLE 11. - TWO-STREAM, COPLANAR JET EIGENVALUES, GROWTH RATES, 
AND PHASE VELOCITIES 
( a )  x/Op = 1,  Ax l symmet r i c  mode ( m  = 0) 
- 
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TABLE 11. - Cont inued.  















1 .E71 4E-01 















1 .4701 E-01 
1 .4375E-01 





1 .1981 E-01 
1 .1692E-01 
1.1403E-01 
1 .11  15E-01 
1.0827E-01 





1 .0251 E-01 
9.6767E-02 
9.3905E-02 


























































































-1 .0381 E-01 
-1 -0349E-01 
-1 .0341 E-01 
-1 .0301 E-01 
-1.0246E-01 
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T a b l e  11. - Cont tnued.  
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T a b l e  11. - Cont inued.  
( c )  x / D ,  = 1, Ax isymmet r tc  mode ( m  = 0) 
- 'r 
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Table 11. - Con t inued .  
( d )  x /Dp = 1. F i r s t  a z l m u t h a l  mode ( m  = 1 )  
C 
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T a b l e  11.- Con t inued  






















































































a i e  1 
A U  
-8.7776E-02 
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T a b l e  11. - Cont inued.  
= 4, a x i s y m e t r i c  mode ( m  = 0) 
- 'i 
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T a b l e  11. - Cont inued.  
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Table 11. - Cont inued.  
= 8, F i r s t  a z i m u t h a l  mode (m = 1) 
- ci 
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Tab le  11. - Con t lnued .  
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Tab le  11. - Concluded. 
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TABLE 111. - PRIMARY STREAM EIGENVALUES, GROWTH RATES, 
AND PHASE VELOCITIES 
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FIGURE 1.- COMPARISON OF CALCULATED AND MEASURED RADIAL 
VELOCITY PROFILES FOR: Us/Up RATIO OF 0.3; NOZZLE AREA 
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FIGURE 2. - COMPARISON OF CALCULATED AND MEASURED RADIAL 
TEMPERATURE PROFILES FOR: Us/Up RATIO OF 0.3; NOZZLE 
AREA RATIO, 1.9; Tp, 984 K; Ts, 285 K; Up, 598 M/S; 
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FIGURE 3 . -  SPATIAL GROWTH RATE OF THE AXlSYMmTRlC (M = 0) 
AND F I R S T  AZIMUTHAL (M = 1 )  DISTURBANCE. 
. 
24  
. 4  
0 .l . 2  . 3  . 4  .5 .6 .7 .8 .9 1.0 
pB/Au 
( E )  x/Dp = 12.75. 
FIGURE 4 . -  AXIAL PHASE VELOCITY OF THE A X I S Y W T R I C  
(M = 0) AND FIRST AXIMUTHAL (n = 1) DISTURBANCE. 
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FIGURE 6.- PHASE VELOCITY AT VARIOUS x/D. 
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FIGURE 7.- COMPARISON OF SPATIAL GROWTH RATE OF THE 
F I R S T  AZIMUTHAL (M = 1) DISTURBANCE AT x/D = 1 FOR 





FIGURE 8.- COMPARISON OF PHASE VELOCITY OF THE F I R S T  
AZIMUTHAL (M = 1) DISTURBANCE AT x/D = 1 FOR PRIMARY 
JET WITH AND WITHOUT SECONDARY FLOW. 
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